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FRACTIONAL EMBEDDINGS AND STOCHASTIC TIME
J. CRESSON AND P. INIZAN
Abstrat. As a model problem for the study of haoti Hamiltonian systems, we look for
the eets of a long-tail distribution of reurrene times on a xed Hamiltonian dynamis.
We follow Stanislavsky's approah of Hamiltonian formalism for frational systems. We
prove that his formalism an be retrieved from the frational embedding theory. We dedue
that the frational Hamiltonian systems of Stanislavsky stem from a partiular least ation
priniple, said ausal. In this ase, the frational embedding beomes oherent.
1. Introdution
Frational alulus has been widely developped for a deade and its eieny has already
been proved in various topis suh as ontinuum mehanis (see [6℄), hemisty (see [3℄), trans-
port theory (see [14℄), frational diusion (see [7℄), et.
In [19℄, a link is drawn with haoti Hamiltonian systems. Beause of the appearane of
fratal strutures in phase spaes of nonhyperboli Hamiltonian systems, frational dynamis
may arise in suh systems. Zaslavsky then explained [19, hap. 12-13℄ that time takes on
a fratal struture, meaning that it an be onsidered as a suession of spei temporal
intervals. However, further investigations have to be arried out to understand and larify the
link between this peuliar temporal omportment and the frational dynamis.
A ontribution is done in [18℄. As a model problem for the eets of a given distribution of
reurrene times on the underlying Hamiltonian dynamis, we use Stanislavsky's approah for
his denition of an Hamiltonian formalism for frational systems. Indeed, this author looks
for the eets indued by the assumption that the time variable is governed by a partiular
stohasti proess on a given Hamiltonian dynamis. This kind of proess ontains notably
the ase of the algebrai deay of reurrene times that ours in the study of haoti Hamil-
tonian systems (see [19℄). He proves, under strong assumptions, that the indued dynamis is
frational and that the struture of the new system looks like the lassial Hamiltonian one.
This allows him to give a denition of an Hamiltonian formalism for frational systems.
However, an important property of Hamiltonian systems is that they an be obtained by a
variational priniple, alled the Hamilton least ation priniple (see [2℄). A natural question
with respet to Stanislavsky's onstrution is to know if his denition of frational Hamiltonian
system an be derived from a variational priniple.
In this paper, by using the frational embedding theory developped in [8℄, we prove that
Stanislavky's Hamiltonian formalism for frational systems oinides with the frational Hamil-
tonian formalism indued by the frational embedding. In partiular, this means that Stanis-
lavsky's frational Hamiltonian systems an be obtained by a variational priniple. Moreover,
this frational formalism is oherent, meaning that there exists a ommutative diagram for
the obtention of the frational equations.
In setion 2 we disuss Stanislavsky's formalism. Setion 3 is devoted to the development of
the fration embedding theory using the Caputo derivatives. We obtain a ausal and oherent
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embedding by restriting the set of variations underlying the frational alulus of variations.
We also prove that the frational embedding of the usual Hamiltonian formalism resulting
from the Lagrangian one is oherent. In setion 4, we prove that the frational Hamilton-
ian formalism stemming from the ausal frational embedding oinides with Stanislavsky's
formalism. We nally disuss open problems in setion 5.
2. Stanislavky's Hamiltonian formalism for frational systems
2.1. Denition of the internal time. Let T1, T2, . . . be nonnegative independant and iden-
tially distributed variables, with distribution ρ. We set T (0) = 0 and for n ≥ 1, T (n) =∑n
i=1 Ti. The Ti represent random temporal intervals. Let {Nt}t≥0 = max{n ≥ 0 |T (n) ≤ t}
be the assoiated ounting proess. We suppose that there exists 0 < α < 1 suh that
ρ(t) ∼
a
t1+α
, t→∞, a > 0, 0 < α < 1. (1)
Therefore the variables Ti belong to the strit domain of attration of an α-stable distribution.
Theorem 3.2 of [13℄ implies:
Theorem 1. There exists a proess {S(t)}t≥0 and a regularly varying funtion b with index
α suh that
{b(c)−1Nct}t≥0
FD
=⇒ {S(t)}t≥0, as c→∞
where
FD
=⇒ denotes onvergene in distribution of all nite-dimensional marginal distributions.
The proess {S(t)}t≥0 is a hitting-time proess (see [13℄) and is also alled a rst-passage
time. From [5℄, the distribution of {S(t)}t≥0, denoted pt, veries
L[pt](v) = E[e
−vS(t)] = Eα(−vt
α),
where L is the Laplae transform and Eα is the one-parameter Mittag-Leer funtion. It
follows that ∫ ∞
0
e−wtpt(x) dt = w
α−1e−xw
α
(2)
The proess {S(t)}t≥0 is inreasing and may play the role of a stohasti time, whih is alled
internal time in [18℄. The distribution pt(τ) represents the probability to be at the internal
time τ on the real time t. Using this new time, Stanislavsky studies Hamiltonian systems
whih evolve aording to S(t).
2.2. Frational Hamiltonian equations. We onsider an Hamiltonian system, with Hamil-
tonian H(x, p), and assoiated anonial equations
d
dt
x(t) = ∂2H(x(t), p(t)),
d
dt
p(t) = −∂1H(x(t), p(t)).
(3)
If t is replaed by S(t), how is the dynamis modied? To answer this question, Stanislavsky
introdues new variables xα and pα dened by
xα(t) = E[x(S(t))] =
∫∞
0 pt(τ)x(τ)dτ,
pα(t) = E[p(S(t))] =
∫∞
0 pt(τ)p(τ)dτ.
(4)
Furthermore, he assumes that
∂1H(xα(t), pα(t)) =
∫∞
0 pt(τ)∂1H(x(τ), p(τ))dτ,
∂2H(xα(t), pα(t)) =
∫∞
0 pt(τ)∂2H(x(τ), p(τ))dτ,
(5)
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whih leads to
Theorem 2. Let (x, p) be a solution of (3). Then ondition (5) is veried if and only if
(xα, pα) dened by (4) veries
0D
α
t xα(t) = ∂2H(xα(t), pα(t)),
0D
α
t pα(t) = −∂1H(xα(t), pα(t)),
(6)
where aD
α
t is the left Caputo derivative dened by
aD
α
t f(t) =
1
Γ(1− α)
∫ t
a
(t− τ)−αf ′(τ) dτ.
Proof. As x veries (3), we have∫ ∞
0
pt(τ)∂2H(x(τ), p(τ)) dτ =
∫ ∞
0
pt(τ)
d
dτ
x(τ)dτ
The Laplae transform of this expression gives
L
[∫ ∞
0
pt(τ)∂2H(x, p) dτ
]
(s) =
∫ ∞
0
L[pt](s)
d
dτ
x(τ)dτ
= sα−1
∫ ∞
0
e−τs
α d
dτ
x(τ)dτ from (2)
= s2α−1L[x](sα)− sα−1x(0).
Given that L[xα](s) = s
α−1L[x](sα), we have
L
[∫ ∞
0
pt(τ)∂2H(x(τ), p(τ)) dτ
]
(s) = L [0D
α
t xα] (s).
By taking the Laplae image of this relation, we obtain
0D
α
t xα(t) =
∫ ∞
0
pt(τ)∂2H(x(τ), p(τ)) dτ.
In a similar way, we also have
0D
α
t pα(t) = −
∫ ∞
0
pt(τ)∂1H(x(τ), p(τ)) dτ,
and the equivalene follows. 
For a presentation of the frational alulus and its appliations, see [17℄ and [15℄. Hene,
we will say that a frational system of the form
0D
α
t x(t) = f1(x(t), p(t)),
0D
α
t p(t) = f2(x(t), p(t)),
is Hamiltonian in the sense of Stanislavsky if there exists a funtion H(x, p) suh that
f1(x, p) = ∂2H(x, p),
f2(x, p) = −∂1H(x, p).
We show that the frational derivative 0D
α
t appears as a natural onsequene of the stru-
ture of the internal time S(t). The frational exponent α is exatly determined by the be-
haviour (1) of long time intervals. We note that if we had α ≥ 1 in (1), the α-stable distribution
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would be the Gaussian one, we would have pt(τ) = δτ (t) and then S(t) ≡ t. In this ase, inter-
nal time and real time would be the same. Consequently, for α ≥ 1, the assoiated derivative
is the lassial one.
3. Frational embedding of Lagrangian and Hamiltonian systems
One important property of lassial Hamiltonian systems is that they are solutions of a
variational priniple, alled the Hamilton least ation priniple (see [2℄). A natural question
is to know if the frational Hamiltonian systems dened by Stanislavky an be derived from
a variational priniple.
Frational Euler-Lagrange and Hamilton equations has been rst derived in [16℄, in order
to inlude fritional fores into a variational priniple. In [1℄, a frational Euler-Lagrange
equation is obtained using a frational least ation priniple. This formalism inludes left and
right frational derivatives. The related Hamilton equations are derived in [4℄. However, their
equations are dierent from those obtained by Stanislavsky.
Using the frational embedding theory developped in [8℄, we prove that Stanislavsky Hamil-
tonian formalism stems from a frational variational priniple, alled ausal, and moreover that
this onstrution is oherent.
We sum up here the general ideas of the frational embedding theory for the Caputo deriv-
ative. Similarly to the left one, the right Caputo derivative is dened by
tD
α
b f(t) =
−1
Γ(1− α)
∫ b
t
(τ − t)−αf ′(τ) dτ.
The left frational integral is dened by
aD
−α
t f(t) =
1
Γ(α)
∫ t
a
(t− τ)α−1f(τ) dτ,
and the right one by
tD
−α
b f(t) =
1
Γ(α)
∫ b
t
(τ − t)α−1f(τ) dτ.
3.1. Frational embedding of dierential operators. Let f = (f1, . . . , fp) and g =
(g1, . . . , gp) be two p-uplets of smooth funtions R
k+2 −→ Rl. Let a, b ∈ R with a < b.
We denote O(f,g) the dierential operator dened by
O(f,g)(x)(t) =
p∑
i=0
(fi ·
di
dti
gi)(x(t), . . . ,
dk
dtk
x(t), t), (7)
where, for any funtions f and g, (f · g)(t) = f(t) · g(t), where · means a produt omponent
by omponent.
The frational embedding of O(f,g), denoted Eα(O(f,g)), is dened by
Eα(O(f,g))(x)(t) =
p∑
i=0
(fi · (aD
α
t )
igi)(x(t), .., (aD
α
t )
kx(t), t)
We dene the ordinary dierential equation assoiated to O(f,g) by
O(f,g)(x) = 0. (8)
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The frational embedding Eα(O(f,g)) of (8) is dened by
Eα(O(f,g))(x) = 0.
3.2. Lagrangian systems. Now we onsider a Lagrangian system, with smooth Lagrangian
L(x, v, u) and u ∈ [a, b]. The Lagrangian L an naturally lead to a dierential operator of the
form (7):
O(1, L)(x)(t) = L(x(t),
d
dt
x(t), t).
Now we identify L and O(1, L). The frational embedding of L, Eα(L), is hene given by
Eα(L)(x)(t) = L(x(t), aD
α
t x(t), t).
In Lagrangian mehanis, the ation and its minima play a entral role. For any mapping
g, the ation of g, denoted A(g) is dened by
A(g)(x) =
∫ b
a
g(x)(t) dt.
For example, with the identiation L ≡ O(1, L), the ation of L is given by
A(L)(x) =
∫ b
a
L(x(t),
d
dt
x(t), t) dt,
and onerning the frational embedding of L, the assoiated ation is
A(Eα(L))(x) =
∫ b
a
L (x(t), aD
α
t x(t), t) dt.
The extremum of the ation of a Lagrangian L provides the equation of motion assoiated:
Theorem 3. The ation A(L) is extremal in x if and only if x satises the Euler-Lagrange
equation, given by
∂1L(x(t),
d
dt
x(t), t)−
d
dt
∂2L(x(t),
d
dt
x(t), t) = 0. (9)
This equation is denoted EL(L).
This proedure should not be modied with frational derivatives. Indeed, the strit deni-
tion of the Lagrangian L does not involve any temporal derivative. The dynamis is afterwards
xed with the hoie of the derivative D and the relation v(t) = Dx(t). The variational prin-
iple providing the Euler-Lagrange equation uses a integration by parts, whih remains in the
frational ase:
∫ b
a
[aD
α
t f(t)] g(t)dt =
∫ b
a
f(t) [bD
α
t g(t)] dt
+ g(b)aD
−(1−α)
b f(b)− f(a)aD
−(1−α)
b g(a).
We introdue the spae of variations
Vα = {h ∈ C
1([a, b]) | aD
−(1−α)
b h(a) = h(b) = 0}.
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For h ∈ Vα, we have
A(Eα(L))(x + h) = A(Eα(L))(x)+ ∫ b
a
[∂1L+ tD
α
b ∂2L](x(t), aD
α
t x(t), t)h(t) dt + o(h),
whih implies that the dierential of A(Eα(L)) in x is given, for any h ∈ Vα, by
dA(Eα(L))(x, h)=
∫ b
a
[∂1L+tD
α
b ∂2L](x, aD
α
t x, t)h(t) dt,
= 〈[∂1L+tD
α
b ∂2L](x(·), aD
α
t x(·), ·), h〉,
where 〈f, g〉 =
∫ b
a
f(t)g(t) dt is a salar produt dened on C1([a, b]).
IfE ⊂ Vα, we will say thatA(Eα(L)) isE-extremal in x if for all h ∈ E, dA(Eα(L))(x, h) = 0.
So we obtain a rst Euler-Lagrange equation:
Theorem 4. A(Eα(L)) is Vα-extremal in x if and only if x veries
∂1L(x(t), aD
α
t x(t), t)+tD
α
b ∂2L(x(t), aD
α
t x(t), t) = 0. (10)
Proof. A(Eα(L)) is Vα-extremal in x if and only if for all h ∈ Vα, we have
〈[∂1L+tD
α
b ∂2L](x(·), aD
α
t x(·), ·), h〉 = 0.
This is equivalent to [∂1L+ tD
α
b ∂2L](x(·), aD
α
t x(·)) ∈ V
⊥
α . We onlude by notiing that
V ⊥α = Vα
⊥
= {0}, where Vα is the adherene of Vα in C
1([a, b]), equal to C1([a, b]) entirely. 
Equation (10) will be alled general frational Euler-Lagrange equation and will be denoted
ELg(Eα(L)). Contrary to (9), two operators are involved here. We will now disuss the
problemati presene of tD
α
b .
3.3. Coherene and ausality. Beause of the simultaneous presene of the two derivatives,
the position of x at time t depends on its past positions, through aD
α
t , but also on its future
ones, through tD
α
b . The priniple of ausality is here violated, whih seems rippling from
a physial point of view. Moreover, we note that (9) an be written in the form (8), with
f = (1, 1) and g = (∂1L,−∂2L). The frational embedding Eα(EL(L)) of (9) is therefore
∂1L(x(t), aD
α
t x(t), t)−aD
α
t ∂2L(x(t), aD
α
t x(t), t) = 0,
whih shows that ELg(Eα(L)) 6≡ Eα(EL(L)): frational embedding and least ation priniple
are not ommutative. So we obtain two proedures providing dierent frational equations,
whih seems also unsatisfatory. We are faing a Cornelian hoie: shall we preserve ausality
or the least ation priniple? A possible way to solve this problem is to restrit the spae
of variations. We note V˜α = {h ∈ Vα | aD
α
t h = −tD
α
b h} and Kα = aD
α
t + tD
α
b , dened on
C1([a, b]). For any f, g ∈ Vα, 〈Kα f, g〉 = 〈f,Kα g〉. We show thatKα is essentially self-adjoint
and we obtain a new Euler-Lagrange equation:
Theorem 5. A(Eα(L)) is V˜α-extremal in x if and only if there exists a funtion g suh that
x veries
∂1L(x(t), aD
α
t x(t), t)−aD
α
t ∂2L(x(t), aD
α
t x(t), t) = Kα g.
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Proof. A(Eα(L)) is V˜α-extremal in x if and only if [∂1L+tD
α
b ∂2L](x(·), aD
α
t x(·)) ∈ V˜
⊥
α . Given
that V˜ ⊥α = (Ker Kα)
⊥ = ImKα, A(Eα(L)) is extremal if and only if there exists g˜ suh that
∂1L(x(t), aD
α
t x(t), t)+tD
α
b ∂2L(x(t), aD
α
t x(t), t) = Kα g˜.
We onlude by setting g(t) = g˜(t) + ∂2L(x(t), aD
α
t x(t), t). 
Restriting of the spae of variations breaks the uniity of the solution. However, among
those solutions, there is a single one whih remains ausal (without the operator tD
α
b ), for
g = 0:
∂1L(x(t), aD
α
t x(t), t)−aD
α
t ∂2L(x(t), aD
α
t x(t), t) = 0. (11)
Equation (11) will be alled ausal frational Euler-Lagrange equation, and will be denoted
ELc(Eα(L)).
Now ausality is respeted and we have ELc(Eα(L)) ≡ Eα(EL(L)). In this ase, the fra-
tional embedding is told oherent, in the sense that the following diagram ommutes:
L
(ausal) LAP

Eα
// Eα(L)
ausal FLAP
(
∂1L−
d
dt
∂2L
)
= 0
Eα
// (∂1L− aD
α
t ∂2L) = 0
where (F)LAP states for "(frational) least ation priniple". As aD
1
t = −tD
1
b =
d
dt
, we
an say that the least ation is also ausal in the lassial ase.
However, in the frational ase, the physial meaning of V˜α is not lear, but it might be
related to a reversible dynamis of the variations. Furthermore, this underlines the signiant
role of variations in the global dynamis.
3.4. Frational Hamiltonian systems based on frational Lagrangian ones. There
exists a natural derivation of an Hamiltonian system from a Lagrangian system based on the
Legendre transformation. We onsider an autonomous Lagrangian system, with Lagrangian
L(x, v), and we suppose that
∀x, v 7→ ∂2L(x, v) is bijetive. (12)
The (stati) momentum assoiated to the (stati) variable x is p = ∂2L(x, v). So there exists
a mapping f named Legendre transformation suh that v = f(x, p). The Hamiltonian H
assoiated to L is dened by
H(x, p) = pf(x, p)− L(x, f(x, p)). (13)
It implies ∂1H(x, p) = −∂1L(x, f(x, p)) and ∂2H(x, p) = f(x, p).
Let introdue the funtion
FLH(x, p, v, w) =

 p− ∂2L(x, v)∂1H(x, p) + ∂1L(x, f(x, p))
∂2H(x, p)− f(x, p)


The link between Lagrangian and Hamiltonian formalisms is done through the equation
FLH(x, p, v, w) = 0. (14)
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The momentum p indues a funtion p(t)=∂2L(x(t), v(t)), whih an be onsidered as the
dynamial momentum.
For the lassial dynamis, (14) beomes
FLH
(
x(t), p(t),
d
dt
x(t),
d
dt
p(t)
)
= 0,
i.e.
p(t) = ∂2L
(
x(t),
d
dt
x(t)
)
,
∂1H(x(t), p(t)) = −∂1L
(
x(t),
d
dt
x(t)
)
,
∂2H(x(t), p(t)) =
d
dt
x(t).
Moreover, if x(t) is solution of the Euler-Lagrange equation (9), we obtain the anonial
equations
d
dt
x(t) = ∂2H(x(t), p(t)),
d
dt
p(t) = −∂1H(x(t), p(t)).
For the frational ase, the frational embedding (8) of (14) is given by
p(t) = ∂2L (x(t), aD
α
t x(t)) ,
∂1H(x(t), p(t)) = −∂1L (x(t), aD
α
t x(t)) ,
∂2H(x(t), p(t)) = aD
α
t x(t).
Then the following result states:
Theorem 6. If x(t) is solution of the ausal frational Euler-Lagrange equation (11), we have
aD
α
t x(t) = ∂2H(x(t), p(t)),
aD
α
t p(t) = −∂1H(x(t), p(t)).
These are the equations desribing the dynamis of a frational Hamiltonian system derived
from a Lagrangian formalism. But Hamiltonian systems an also be onsidered diretly as it
will be seen.
3.5. Embedded Hamiltonian systems. Now we onsider an Hamiltonian system as dened
in setion 2, with an Hamiltonian H(x, p) and with equations (3) assoiated. The frational
embedding (8) of (3) is
aD
α
t x(t) = ∂2H(x(t), p(t)),
aD
α
t p(t) = −∂1H(x(t), p(t)).
(15)
Furthermore, by indroduing the funtion
LH(x, p, v, w) = pv −H(x, p),
we see that lassial Hamiltonian systems are ritial points of the ation of LH dened by
A(LH)(x, p) =
∫ b
a
LH
(
x(t), p(t),
d
dt
x(t),
d
dt
p(t)
)
dt.
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In the frational ase, the ation beomes
A(Eα(LH))(x, p)=
∫ b
a
LH (x(t), p(t), aD
α
t x(t), aD
α
t p(t)) dt.
Using the ausal frational Euler-Lagrange equation for LH , we obtain
Theorem 7 (Hamiltonian oherene). Let H be an Hamiltonian funtion. The solutions
(x(t), p(t)) of the frational system (15) oinide with ausal ritial points of the ation
A(Eα(LH)). More preisely, the following diagram ommutes:
LH
(ausal) LAP

Eα
// Eα(LH)
ausal FLAP
{
d
dt
x(t) = ∂2H
d
dt
p(t) = −∂1H Eα
//
{
aD
α
t x(t) = ∂2H
aD
α
t p(t) = −∂1H
Proof. The ausal frational Euler-Lagrange equation for LH is
− ∂1H(x(t), p(t)) − aD
α
t p(t) = 0,
aD
α
t x(t)− ∂2H(x(t), p(t)) = 0,
whih is exatly (15).

So we have oherene between the diretly embedded equations and the equations obtained
by a variational priniple. But we have also oherene between this setion and the previous
one, i.e. between the frational Hamiltonian systems resulting from Lagrangian ones and the
embedded Hamiltonian systems.
In other words, the equivalent approahes for Hamiltonian systems in the lassial ase
remain equivalent in the frational ase if we use ausal variational priniples.
Now we will disuss the link between this formalism and Stanislavsky's one.
4. Compatibility between the two formalisms
Condition (5) means that the partial derivatives of H ommutes with E[·(S(t))]. This
ondition ould just seem of tehnial order and ould appear as unrelated to the real dynamis.
However, by using the frational embedding, we an preise the underlying dynamial link, in
the ase of natural Lagrangian systems.
We onsider a natural Lagrangian system, i.e. with a Lagrangian L of the form L(x, v) =
1
2
mv2 − U(x), and the Hamiltonian H(x, p) derived as in setion 3.4. So we have H(x, p) =
1
2m
p2 + U(x), with p = ∂2L(x, v) = mv. We suppose that (x, p) is solution of the lassial
Hamiltonian equations (3). We dene the assoiated variables xα and pα by (4).
Theorem 8. If xα is solution of the ausal frational Euler-Lagrange equation (11) assoiated
to L, then ondition (5) is veried.
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Proof. We set p˜α(t) = ∂2L(xα(t), 0D
α
t xα(t)), i.e. p˜α(t) = m 0D
α
t xα(t). Then, from theorem
(6), (xα, p˜α) is solution of
0D
α
t xα(t) = ∂2H(xα(t), p˜α(t)),
0D
α
t p˜α(t) = −∂1H(xα(t), p˜α(t)).
Moreover, we have
p˜α(t) = m 0D
α
t
∫ ∞
0
pt(τ)x(τ) dτ = m
∫ ∞
0
pt(τ)
d
dτ
x(τ) dτ
=
∫ ∞
0
pt(τ)mv(τ) dτ =
∫ ∞
0
pt(τ)p(τ) dτ = pα(t). (16)
So we an replae p˜α by pα in (16), whih onludes the proof.

5. Conlusion
If we onsider the temporal evolution variable of a Lagrangian system as a suession of
random intervals, and if their density has a power-law tail, then the dynamis of this system is
frational. The assoiated equations an be determined through a frational embedding, based
on a least ation priniple. In order to obtain ausal and oherent equations, it is neessary
to restrit the spae of variations. This ondition might be seen as a way to anel the
nalist aspet of the least ation priniple. Even if it is still unlear, this model of time ould
notably be appropriated for the desription of some haoti Hamiltonian dynamis. Some
numerial experiments show that distributions of Poinaré reurrene times may possess a
power-law tail (see [19, hap. 11℄, [10℄, [9℄). Consequently, the time may be deomposed into
a suession of reurrene times. For long time sale dynamis, the number of intervals is great
and the new harateristi time lok may beome S(t). This new time takes into aount the
peuliar struture of the reurrene times: if the power-law exponent α veries 0 < α < 1,
the long time sale dynamis beomes frational with the same exponent α. This idea of
staked dynamis based on two time sales ould be linked with [11℄, where lose results are
obtained. However, beause of the Ka lemma ([12℄), whih states that the mean reurrene
time is nite, ondition (1) may be valid only loally, near some island boundaries, alled
stiky zones. Further investigations have to be arried on to larify this point.
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